In this work, we present a new way to compute the Taylor polynomial of the matrix exponential which reduces the number of matrix multiplications in comparison with the de-facto standard Patterson-Stockmeyer method. This reduction is sufficient to make the method superior in performance to Padé approximants by 10-30% over a range of values for the matrix norms and thus we propose its replacement in standard software kits. Numerical experiments show the performance of the method and illustrate its stability.
Introduction
The search for efficient algorithms to compute the exponential of an square matrix has a tremendous interest, given the wide range of its applications in many branches of science. Its importance is clearly revealed by the great impact achieved by various reference reviews devoted to the subject, e.g. [8, 15, 16, 22] . The problem has been tackled of course by many authors and a wide variety of techniques have been proposed. Among them, the scaling and squaring procedure is perhaps the most popular when the dimension of the corresponding matrix runs well into the hundreds. As a matter of fact, this technique is incorporated in popular computing packages such as Matlab (expm) and Mathematica (MatrixExp) in combination with Padé approximants [2, 8, 10] .
Specifically, for a given matrix A ∈ C N ×N , the scaling and squaring technique is based on the key property e A = e A/2 s 2 s , s ∈ N.
(1)
The exponential e A/2 s is then replaced by a rational approximation, namely a 2mth-order diagonal Padé approximant, r 2m (A/2 s ). The optimal choice of both parameters, s and 2m, depends on the estimation of a bound of A and the desired accuracy. Diagonal Padé approximants have the form
where the polynomial p m (x) is given by
so that r 2m (A) = e A +O(A 2m+1 ) and the evaluation of p m (A), p m (−A) is carried out with a reduced number of matrix products. Finally, the cost of the inverse is taken as 4/3 the cost of one product: it requires one LU factorization at the cost of 1/3 products plus N solutions of upper and lower triangular systems by forward and backward substitution at the cost of one product. In particular, r 10 (A) and r 26 (A) are considered among the optimal choices (with respect to accuracy and computational cost) in this approach when high accuracy is desired and the norm A is relatively large. The corresponding algorithm for r 10 (A) is given by [8] 
whereas for r 26 (A) one has
Here A 2 = A 2 , A 4 = A 2 2 and A 6 = A 2 A 4 . Written in this form, it is clear that only three and six matrix multiplications and one inversion are required to obtain approximations of order 10 and 26, respectively. These two methods are used in fact in the current implementation of the function expm in Matlab.
The choice of the optimal order of the approximation for a given value of A is based on the control of the backward error. To be more specific, given a prescribed accuracy u, the parameter m is selected according to θ 2m (u), the largest value of A such that the Padé scheme r 2m has relative backward-error smaller than u, i.e.,
The values of θ 2m for u = 2 −24 and u = 2 −53 , corresponding to single and double precision, respectively, are collected in Table 1 . They have been obtained 3.65e-8 5.32e-4 1.50e-2 2.54e-1 9.50e-1 2. 10 5.37 according to [8, Theorem 2 .1] by defining the majorant of
|c i |θ i and solving f (θ))/θ = u, where the series is truncated after 150 terms.
Another technique that has recently been proposed consists of using, instead of a diagonal Padé approximant, the Taylor polynomial of degree m, T m (A) = m k=0 A k /k!, evaluated according with the Paterson-Stockmeyer procedure (see [9, 10, 17] ). In that way the number of matrix products is reduced and the overall performance is improved for matrices of small norm, although it is less efficient for matrices with large norm [10, 18, 19, 20, 21] .
If the Paterson-Stockmeyer (PS) technique is carried out to compute T m (A) in a Horner-like fashion, the maximal attainable degree is m = (k + 1) 2 by using 2k matrix products. The optimal choices for most cases then correspond to k = 2 (four products) and k = 3 (six products), i.e, to degree m = 9 and m = 16, respectively. The corresponding polynomials are then computed as follows:
where c i = 1/i! and
Here, as before, Table 2 we collect the values for the corresponding thresholds θ m (u) needed to select the best scheme for a given accuracy. The main goal of this work is to show that it is indeed possible to organize the computation of the Taylor polynomial of the matrix exponential function in a more efficient way than the Paterson-Stockmeyer technique, so that with the same number of matrix products one can construct a polynomial of higher degree. In this way, a method for computing e A based on scaling and squaring together with the new implementation of the Taylor polynomial is proposed which is more efficient than the same procedure based on Padé approximants for a wide range of values of A .
A generalized recursive algorithm
Clearly, the most economic way to construct polynomials of degree 2 k is by applying the following sequence, which involves only k products:
with δ i = 0, 1. These polynomials are then linearly combined to form
Notice that the indices in A, A 2 k , are chosen to indicate the highest attainable power, i.e.,
A simple counting tells us that with k products one has (k + 1) 2 + 1 parameters to construct a polynomial of degree 2 k that contains 2 k +1 coefficients. It is then clear that the number of coefficients grows faster than the number of parameters, so that this procedure cannot be used to obtain high degree polynomials, as already noticed in [17] . Even worse, in general, not all parameters are independent and this simple estimate does not suffice to guarantee the existence of solutions with real coefficients. Nevertheless, this procedure can be modified in such a way that additional parameters are introduced, at the price, of course, of including some extra products. In particular, we could include new terms of the form
not only in the previous A k , k > 1, but also in T 2 k , which would allow us to introduce a cubic term and an additional parameter.
Although the Paterson-Stockmeyer (PS) technique is arguably the most efficient procedure to evaluate a general polynomial, there are relevant classes of polynomials for which the PS rule involves more products than strictly necessary. To illustrate this feature, let us consider the evaluation of
a problem addressed in [24] . Polynomial (8) appears in connection with the integral of the state transition matrix and the analysis of multirate sampled data systems. In [24] it is shown that with three matrix products one can evaluate Ψ(7, A) (as with the PS rule), whereas with four products it is possible to compute Ψ(11, A) (one degree higher than using the PS rule). In general, the savings with respect to the PS technique grow with the degree k. The procedure was further improved and analysed in [13] , where the following conjecture was posed: the minimum number of products to evaluate Ψ(k, A) is 2 log 2 k − 2 + i j−1 where N = (i j , i j−1 , . . . , i 1 , i 0 ) 2 (written in binary), i.e., i j−1 is the second most significant bit. This conjecture is not true in general, as is illustrated by the following algorithm of type (7), that allows one to compute Ψ(9, A) by using only three matrix products:
.
Notice that, since the coefficients of the algorithm must satisfy a system of nonlinear equations, they are irrational numbers. Although by following this approach it is not possible to achieve degree 16 with four products, there are other polynomials of degree 16 that can indeed be computed with only four products. This is the case, in particular, of the truncated Taylor expansion of the function cos(A):
Taking B = A 2 we obtain a polynomial of degree 8 in B that can be evaluated with three additional products in a similar way as in the computation of Ψ(9, A), but with different coefficients.
A new algorithm to compute the matrix exponential
Algorithm (7) can be conveniently modified along the lines exposed in the previous section to compute the truncated Taylor expansion of the matrix exponential function
for different values of n using the minimum number of products. In practice, we proceed in the reverse order: given a number k, we find a convenient (modified) sequence of type (7) that allows one to construct the highest degree polynomial T n (A) using only k matrix products. The coefficients in the sequence satisfy a relatively large system of algebraic nonlinear equations. Here several possibilities may occur: (i) the system has no solution; (ii) there is a finite number of real and/or complex solutions, or (iii) there are families of solutions depending on parameters. For our purposes, we only need one solution with real coefficients. In addition, if there are several solutions we take a solution with small coefficients to avoid large round off errors due to products of large and small numbers.
With k = 0, 1, 2 products we can evaluate T n for n = 1, 2, 4, in a similar way as the PS rule, whereas for k = 3, 4, 5 and 6 products the situation is detailed next. k = 3 products In this case, with the PS rule only T 6 can be determined, whereas the following algorithm allows one to evaluate T 8 :
With this sequence we get two families of solutions depending on a free parameter, x 3 , which is chosen to (approximately) minimize the 1-norm of the vector of parameters. The reasoning behind this approach is to achieve numerical stability by avoiding the multiplication of high powers of A with large coefficients, in a similar vein as the Horner procedure. The coefficients in (11) are given by Perhaps surprisingly, T 7 (A) requires at least 4 products, so T 8 may be considered as a singular polynomial. k = 4 products Although polynomials up to degree 16 can in principle be constructed, our analysis suggests that the Taylor polynomial (10) corresponding to exp(A) does not belong to that family. To determine the highest degree one can achieve with k = 4, we proceed as follows. We take T n (A) for a given value of n and decompose it as a product of two polynomials of lower degree plus a lower degree polynomial (that will be used to evaluate the higher degree polynomials). The highest value we have managed to reach is n = 12. It is important to note that our ansatz gives many different ways to write the sought polynomial, one of which is given by
This approach, however, leads to a much less stable numerical behaviour. We propose instead to use the following sequence, which has been empirically shown to be comparable in stability to Padé and Horner methods.
The algebraic expressions which minimize the 1-norm of the vector formed by the parameters do not give additional insight and hence we show their numeric values only: k = 5 products With 5 products, n = 18 is the highest value we have been able to achieve. We write T 18 as the product of two polynomials of degree 9, that are further decomposed into polynomials of lower degree. The polynomial is evaluated through the following sequence: B 1 = a 0,1 I + a 1,1 A + a 2,1 A 2 + a 3,1 A 3 , k = 6 products With six products we can reconstruct the Taylor polynomial up to degree n = 22 by applying the same strategy. We have also explored different alternatives, considering decompositions based on the previous computation of low powers of the matrix, such as A 2 , A 3 , A 4 , A 8 , etc. to achieve degree n = 24, but all our attempts have been in vain. Nevertheless, we should remark that even if one could construct T 24 (A) with only six products, this would not lead to a significant advantage with respect to considering one scaling and squaring (s = 1 in eq. (1)) and using the previous decomposition for T 18 .
In Table 3 we show the number of products required to evaluate T n following the PS rule and the new decomposition strategy. The improvement for k ≥ 3 products is apparent.
Numerical performance and stability
We next try to assess the performance of the various approximations by comparing the efficiency of the new procedure to compute the Taylor polynomial with the PS rule and also with diagonal Padé approximants, all in combination with the scaling and squaring method for the matrix exponential. Table 3 : Minimal number of products to evaluate a polynomial of a given degree.
Paterson-Stockmeyer
All methods are based on an estimate of the matrix norm A , which is then used to choose the optimal order of the approximant together with the scaling parameter, based on the use of backward error bounds.
In Fig. 1 we plot A versus the cost measured as the number of matrix products necessary to evaluate Padé and Taylor with the PS rule and the new implementation to approximate e A in double precision (top) and single precision (bottom). It is clear that for relatively small values of A the new approach to compute the Taylor approximant shows the best performance, whereas for higher values it has similar performance as Padé. The diagonal lines in the graphs show the asymptotic cost based on scaling and squaring.
To check the numerical stability of the proposed technique we have considered 46 different special matrices from the Matlab matrix collection, as has been done in [8] , sampled at 1000 different norms, as well as 2000 random matrices which are scaled by random scalars to spread them over a range of norms. In Fig.2 we plot the relative errors in the computation of the corresponding matrix exponential vs. the norm of the matrix in double (top) and single precision (bottom) for the different approximants analysed here. All matrices are of dimension 30 × 30, but the same experiments with matrices of larger dimension (up to 60 × 60) show virtually identical results.
As a reference, we use a diagonal Padé method of order 26 and the matrices are scaled and squared according to criterion (5) until the resulting norm is below the accuracy threshold from Table 1 .
We observe that the accuracy of our method lies well within the range that can be expected for Horner scheme evaluations and the Padé algorithm from Table 1 .
Concluding remarks
It is important to remark that very often the evaluation of the exponential of a matrix constitutes an intermediate stage in the process of solving differential equations by exponential integrators. This is the case, in particular, for equations of the form
where X(t 0 ) = X 0 ∈ R n×n , t ∈ [t 0 , T ] and [·, ·] denotes the usual matrix commutator. Among the advantages of exponential integrators applied to these equations are that they preserve qualitative properties and their favourable long-time error propagation [11] .
Take for example the linear equation X = F (t)X. If F (t) belongs to some particular matrix Lie algebra (e.g., F is skew-symmetric), then the solution X(t) evolves in the corresponding Lie group (e.g., X(t) is orthogonal for all t), and one would like that any numerical approximation to X obtained by applying an integrator share this important feature with the exact solution. If the integrator is formulated in terms of matrix exponentials, such as with Magnus or Fer integrators [4] , this is achieved by construction.
Given a time step, say h, one usually considers a numerical integrator of this class of order h p , for values of p usually between 2 and 6. Since the matrices involved in the schemes are typically proportional to h and the truncated polynomial approximation, T n , is an approximation to order O(h n+1 ), then one rarely needs to consider n > 18.
In some cases one can take advantage of the very particular structure of the matrix A and then design especially tailored (and very often more efficient) methods for such problems [6, 7, 12] . Also, if one can find an additive decomposition A = B + C such that C is small and B is easy to exponentiate, e.g., e D is sparse and exactly solvable (or can be accurately and cheaply approximated numerically), and B is a dense matrix, then more efficient methods can be found [3, 16] . In addition, if A is an upper or lower triangular matrix, it is shown in [2] that it is advantageous to exploit the fact that the diagonal elements of the exponential are exactly known. It is then more efficient to replace the diagonal elements obtained numerically by the exact solution before squaring the matrix. This technique can also be extended to the first super (or sub-)diagonal elements.
In summary, we have derived a new algorithm to compute the matrix exponential by reducing the cost of the evaluation of its Taylor polynomial. The method is as stable as the Padé methods implemented in the Matlab function expm and is cheaper to compute than Padé approximants for a wide range values for the matrix norm. For the convenience of the reader, we provide a Matlab implementation of the proposed scheme on our website [1]. Single precision P-S Padé NEW
